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1. INTRODUCTION

Let f(x) be a continuous real-valued function on the interval D := [4, B] N
(—%0, ), in symbols: f € C[4, B]. We use the following notation:

B @=CAD-Y@+SG~h)  (xEDy),
/1= sup 1/ ()}

w)(f;6)= sup sup |45/ (),
0<h<d x€Dy

Lip,a = {f € C[4, B]; w,(f;d) = 0(6*),6 > 0_},

where D, := [4 + h, B — k]| N (—00, ©).
Let us consider the operators

L(f; %)= L” Wn,xu) f)ydu  (n31),

where W(n,x,u)>0 is a function on D. We say that L,(f;x) is an
exponential-type operator if

f W(n, x, u) du = 1 (1)
A
and
% W(n, x, u) = ¢—(’35 W(n, x, u)(u — x), @)
32
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where ¢(x) is a polynomial of degree <2, ¢(x) > 0 on (4, B) and ¢(4) =0,
¢(B)=0 if A, B# + oo. Such exponential-type operators were first
introduced by May (cf. [9]).

L,(f:x) is a positive operator since W(n, x,u)>0. By (1) and (2) we
have

B
J Wn, x, u)u du = x for xe&D.
A

Hence L ,(f; x) preserves linear functions.
Let us write

A,(n,x)=n" JB Wi(n, x, u)(u — x)™ du.

Using (2), we have (see [9])

A1 X) = PB() Ay (1 3) 4 900) A, )

and by simple calculations,
Ayn,x)=1, A,(n,x)=0,
Ay x)=nd(x),  Ay(nx) = ng(x) ¢'(x), 3)
Ay(n, x) = 3n"6(x)" + ng(x)[¢' (x)* + 9(x) ¢"(x)].

Many authors have considered global approximation theorems for specific
exponential-type operators (cf. [3, 6], etc.). In this paper we try to generalize
these theorems using an elementary method. Under some conditions upon
¢(x) we prove a theorem for L,(f;x) which includes results for Bernstein
polynomials and for Gauss—Weierstrass, Szasz-Mirakjan, Baskakov and
other operators.

We impose on ¢(x) the condition that it is a polynomial of degree 2
without a double zero and satisfies

n J': [¢’(x)

T ), L

—u+x] (u— x)* W(n, x, u) du < M, “)

where a = min(x, x + ¢'(x)/n) and = max(x, x + ¢'(x)/n). Throughout the
paper let M be an absolute constant independent of # and x. Then we have
the following theorem.
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THEOREM 1. Let ¢(x) satisfy the above condition. Then for 0 < a < 2 the
Jollowing statements are equivalent:

(I) f€E€Lip,a,

a/2
@) |L(fix) = f) <M [ﬂ:—)] (n>1Lx€D)

We denote this result by the notation

G.App.[L,] = [{f | f € Lip, a},n™*%, ¢(x), D].

The method for proving the direct part (I)= (II) of this theorem is the
standard procedure using a Jackson-type inequality, the Steklov means and
appropriate estimates of the moments of the operators. For proving the
inverve part (II)= (I) we use the elementary method which was introduced
by Berens and Lorentz [5] and was further developed in [2] and [4]. Since
the elementary method fails for the saturation case ¢ = 2 in the inverse part,
we only consider the nonoptimal case 0 < a < 2.

2. PROOF OF THE DIRECT PART

In this section we prove the direct part of Theorem 1.
Let us introduce F(x) by the continuous extension of f(x) onto (—o0, o)

F(x) = f(x), A< x<B,
=f(2A—X), 2A‘B<X<A,
where: F(x) is 2(B — A) periodic when 4 and B are finite (see [10, p. 122]).

Then for the Steklov means

1 w2 .2
f,,(x):—zf Fix+s+8)dsdt (h>0)
h — k27 —h2

we have the following estimates (cf. [5, 10])

5
If =~ Al <SR I3 <2 0 B )

Now let us write
C2[A,B] ={f €Cl|4,B]; f" € C|4, B]},

then we have the following inequality.
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PROPOSITION (Jackson-type inequality). For g € C*|4, B| we have

40
n

|L.(g;x)— g(x)<M|g"| (n>1,x€ D).

Proof. In view of

80— g() = (1~x) g'(x) + [ | g"u) duds

there follows
L,(gx)— glx)=L,(g(t)— g(x); x)

=L, ((t —-x)g'x)+ f; f: g"(u) du ds; x)
=L, (J: E g"(u)du ds;x).

From the positivity of L,(f; x) we get

IL,(g: %) — g)| <L, (

[ ' | * ¢"(u) du ds

.

<t (19 [ dudsix) =t gz, (L5 5).

Hence the proof is completed by (3).

Now we verify the direct part (I)= (II). Since f € C[4, B] is approx-
imated by {e**} and L,(e**; x) = €** holds for x = A, B (4, B # + o) by the
recursion relation of 4,(n, x), we have L, (f;x)= f(x) (x =4, B) easily.
Therefore we consider the proof for x € (4, B). Since L ,(f; x) is a bounded
operator, we have for & < v/¢(x) by the Proposition

|Ly(fs %) = SO S ILL = S X + | Lo(fi3 %) — Sulx))
+1/x) = S (%))
$(x)

<MIf = fll+ M E

+ 1/ = S

Using (5), we obtain
[L,(f3 x) = £ ()| K Mo,(f; B)[1 + ¢(x)/nk?].



36 KUNIO SATO

By the assumption f € Lip, a, setting h = \/¢(x)/n, we have

L(f32) = £ < Mo, ( £ [M ]/) <u| £ ¢(x)]°/2

Remark 1. Obviously, the direct part holds without condition (4).

3. PROOF OF THE INVERSE PART

In order to prove the inverse part, by the idea of Berens and Lorentz 5],
it is sufficient to show that for f € C{4,B]and 0 < a <2

oy <m [+ (5) 0], )

where 0 < 4 < min((B — 4)/4, 1) and 0 < § < min(sup, 1/¢(x), 1). To obtain
(6), we need the following two lemmas.

LEMMA 1. Let ¢(x) satisfy condition (4). For g € C*|A, B] there holds
(g [<M(g"[l (n>1x€E4,B))

Proof. By Taylor expansion of g, we have

2

E‘i—f L,(gx)= j: [—;;; W(n, x, u) ] 8(u) du

=E [-:—;—2- Win, x, u)}

X {g(x) + (u~x) g'(x) + (u—x)* g"(£)} du
= g(x) f [—:;7— Wi(n, x, u)] du

+ g'(x) f: [-;xz—z W(n, x, u)} (u—x)du

2

+ IB [%2- Wi(n, x, u)] (#—x)" g"(&) du.
Since from (3)

f [;ZW(n,x,u)](u—x) du=20 for i=0,]1,



GLOBAL APPROXIMATION THEOREMS

37

we have

a 5[ & )

SrLen =] [z Woxw | w-xP @ @
and hence

d

’d =L, (g:x) <]l g" W(n,x u) | (u—x)*du.
Thus it is sufficient to show that
= |—=Wnxu)|(u—x)duM. @)
| ox

In view of (3) and

& L AP
e W)= = Gy )

+W_)_(u-—x) — l] W(n,x,u), (8)
we have
_ A0 P P S
=] 5 e x)+¢()(u %) 1'
X (u— x)* W(n, x, u) du

I ) PO DY
<), [T et g e

X (u—x)?Wn,x,u)du + 1.

Since
&, on YW
5 I+ g W =g 0 (u—x-5 22

taking a = min(x, x + ¢'(x)/n) and §=max(x,x + ¢'(x)/n), and by (3) we
have

#'(x )
o(x )

¢()j - x)? +$(——)(u—x)"]W(n x, u) du

¢'(x)

¢'(x) o n 4
(500 =~ w0 | wnx
[um(u x) +W—)(u—~x) ]W(n,x,u)du+l

-
X
2

W—
-
e
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4 ng’(x) & 3
¢( )2 f Win, x, u)(u — x) du—WL Win, x, u)(u — x)° du
2 !
t——F ¢(X)2 J [ (x)( _-’C)3 ( —X)4:| W(n,x, u) du + 1
=4+ 79 o

Hence by (4) we obtain (7). This completes the proof.

Remark 2. By (3) we have the following estimation

n2

I<S—— roa J'B¢’(1x)2(u x)? W(n, x, u) du

+—¢;(';—)z—fﬂ (u—x)* W(n, x,u)du
¢'(x)2
{13(36)2

j W(n, x, u)(u — x)* du

¢( )ZJ Wn, x,u)(u — x)* du

R, W
= e00) +3+ ot
Thus (4) holds for those x such that (see also Section 4),

[¢'()]* < Mng(x). ©)

LEMMA 2. Let ¢(x) satisfy condition (4). Then we have for x € D, (D, =
|4+ h, B~ h}N (—c0, 0))

w2 ds dt MHh?
f_mf px+s+0) <m(x,h)’ (10)
where
m(x, h) = max{g(x — h), (x), (x + h)}
and

0 < h < min{(B —A)/4, 1}.

Proof. Ismail and May [8] have shown that the family of exponential-
type operators essentially consists of 6 different types of operators according
to ¢(x) € {1, x, x(1 — x), x(1 + x), x%, x* + 1}. In view of the conditions on
¢(x), we only prove (10) for the five normalized cases {¢(x)}= (I, x,
x(1 —x), x(1 + x), x* + 1}. The case ¢(x) =1 is trivial. For ¢(x) =x(1 —x)
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see [4]. For ¢(x)=x, x(1 + x) see [2,p. 138]. Thus there remains the case
() =x*+ L.
In this case we have for x € |0, ]
Y . MR MK
J*,,/ZJ_,,/Z dx+s+t) T (x+h*+1 mlx, k)’

Since 4hx < M(x—h)*+ M for M>5 and 0<h <1, we obtain the
following estimate for x € [A, )

w2 ds dt

J,,/ZJM Mx+s+1)
< h? 2[1 4hx ] W’ (1+M)~
S é(x—h) (x—=h2+1]0c+h>+1" m(x, h)

Analogously we get the inequality (10) for x € (—o0, 0]. Hence the proof of
Lemma 2 is complete.

Remark 3. Since the assertion of Lemma 2 does not hold for ¢(x) = x%,
we exclude ¢(x)=x’, as the elementary method of proof fails just in this
case (cf. [1]).

And now, we prove the inverse part (II) = (I). By the assumption (II) we
have for x€ D,

[Anf )| =1/ (x + k) — 2f (x) + f(x — h)
Ifx+h) =L, (fix +h)+2]f(x) = L,(f; %)
+|fe—h)—L,(fsx—h)|
+|L,(fs x +h) = 2L, (f3 x) + L, (f5 x — h)|

e R R

n

2 [L(fsx+s+0)]"dsdt ‘

—h2Y —h2
Thus we have to estimate for 0 < § < min(sup, /¢(x), 1)
[L,(fs )] = [L,(f — [53%)])" + [L(f5:X)]". (11)
Using (8), we have
[La(f = fs5x)]"]
P® LI
¢(x) If f& ¢( ) ( )+ ¢( ) (u x) 1 W(n’ X, u) du
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19" (x) J'B Wi(n, x,u)|u—x|du

#(x) J
¢( )JBW(n x, w)(u — x)* du+JE Wi(n, x, u)du]

¢(x) “f fBll [

and by (3)
LA(f = f532)]"
1§ ()l (2 _
<y =Sl [ | W) xl ¢ zg. (12)
To estimate (12), we prove the following inequality
9" ()] (2
WL W(n, x, u) |u— x| du < M. (13)

When ¢(x) is constant, (13) is evident. Next we consider the case that ¢(x)
has zero points. From L ,((t — x); x) =0 we have

Jj Wi(n, x, u) |u — x| du
= j: Wi{n, x, u)(x — u) du + E Wn, x, u)(u — x) du
= 2L W, x, u)(x — u) du < 2(x — A),
and similarly

f W(n, x, u) |lu — x| du < 2(B — x).

A

Since 4 and B are zero points of ¢(x), we obtain

|¢'(x)] &
WL W(n, x, u)|u — x| du
< )ZI((XX)M min(2(x —A4), 2(B —x)) < M.

For the remaining case that a quadratic polynomial ¢(x) has no zero points,
we have (cf. Section 4)
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%(x))_l ’ Wn, x, u) |u — x| du
|¢ () S b
¢( ) L W(n, x, u)(u — x)* du
_1'e) {90 )7 _ [AC/p
gp(x) ( n \/n¢(x)

Hence from (13) and (5) we have

[La(f = 53 %)]"| < <M llf Sl <M——w,(f;6).  (14)

¢()

By the boundedness of L,(f;x) and Lemma 1, we obtain the estimation of
the second term of (11)

(L5 0P | < MISEI< M5 0073 6). (15)
Combining (14) and (15), we have
l
1L,V < Mo 9) o+ 52|

Then, by m(x, h) = max{¢(x — h), §(x), ¢(x + h)} and Lemma 2, we obtain
for xe D,

|A,,f(X)|<M3[M]a/2 [¢(x)]““ [¢(x h)]w2§

+ Mo,(f; 5)[ Ji'/;zj w2 ¢(x‘is:”+t) (5) ]
<Mg[m—()ih—)]a/2 z(f’é)[ Zl,zh) (h)”

Choosing n such that

m(x, h) m(x, h) m(x, k)
i SOANSITSVAIN T

we have

a5l <M [+ ari0) (4)]



42 KUNIO SATO

Hence we obtain (6) and by induction
w,(f3 h) < Mh*,

which implies f € Lip, a. This completes the proof of the inverse part.

4, APPLICATIONS

We apply Theorem 1 to the five normalized types of operators for
{#(x)} = {1, x, x(1 —x), x(1 + x), x* + 1}. Especially for these ¢(x) we
consider condition (4). Since ¢(x) =1 and x* + 1 satisfy (9) for all x € D,
condition (4) holds for ¢(x) = 1 and x* + 1 by Remark 2. For the remaining
cases ¢(x)=ux, x(1 —x), x(1 + x) condition (9) holds whenever ¢(x) > a/n
for some (small) @ > 0. Hence condition (4) needs only to be tested for three
cases of ¢(x) in a small neighborhood of the zero points of g(x).

In these three cases the operator L,(f; x) may be represented as a sum

L= 3 (5) b 031D = U BN (-0, )

k/ineD

Then condition (4) becomes

R x)3 (x=557) Prate) 6002 <1

for x  k/n < x + 1/n and needs only to be tested for k =0, 1 (concerning a
neighborhood of x=1 in the case ¢(x)=x(1 —x), we may use analogous
arguments). We have for 0 x < 1/n

< (1) o) 6977 <2 (555) o

I 3 . xpy (%)
I=n (‘;1“ x> xpy (%) (x) 72 < _nj—zn(x_)_
Thus (4) follows from

xzpo.n(x) xpl,n(x)
7o) e ) S 1o

max
0<xg/n

Therefore instead of (4) we shall check (16) for the three cases ¢(x)=x,
x(1 —x), x(1 +x).
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4.1. Gauss—Weierstrass Operators
We define the Gauss—Weierstrass operator G,(f; x) as follows.

G, (f:x)= fj

Then the kernel of this operator is

Wi(n, x, u) = A /-%exp -

From Remark 2 and the above we have the corresponding theorem for

G, (f; x).

") fwdu  (x€ (~c0, ®)).

n(u — x)?
2

THEOREM 2.

G.App.[G,] = [{f]f € Lip,a},n™*% 1, (~00, 0)].
4.2. Szdsz—Mirakjan Operators
The Szasz—Mirakjan operator S,(f; x) is defined as follows.

' e 2 () k
srn=e Y L7 () o)

Wn, x,uy=e""* i ()” é (u—i).

= k! n
THEOREM 3. (Becker [3]).

G.App.[S,] = [{f | f € Lip,a},n™*, x, [0, c0)].

Progf. In view of the above we only test that ¢(x)=x and p, ,(x)=
(nx)¥/k! satisfy (16) for 0 < x < 1/n. From p, ,(x) =1 and p, ,(x) = nx, we
obtain inequality (16) immediately.

4.3. Bernstein Polynomials.
The Bernstein polynomials are defined by

Bin= 3 (F)#u-sr7 (%) &epn

k=0

W(n, x,u) = i (Z ) (1 —x)" k¢ (u—i;—).

k=0

Then we have the following theorem.
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THEOREM 4. (Berens and Lorentz [5]).
G.App.[B,| = [{f| f € Lip, a},n** x(1 — x), [0, 1]].
Proof. Since ¢(x) =x(1 —x) and p,_,(x) = (3) x*(1 —x)"~*, we have

Pon)=(1=x)"s  pynx)=nx(1—x)""",

and therefore

2

¢—j‘(x—)po,n(x) =(1—x)"7 Pralx)= (1= x)""%

x
ng*(x)
Thus (16) holds clearly for 0  x  1/x. This completes the proof.

4.4. Baskakov Operators

The Baskakov operator V,(f; x) is defined as follows.

=3 ("R (E) welo o,
W(n, x, u) = 20 <n+l;— 1>x"(l +x)""kg (u—%).

Similarly, we obtain the corresponding theorem for V,(f; x).

THEOREM 5 (Becker [3]).
G.App.[V,) = [{f | f € Lip, a}, n™*% x(1 + x), [0, 00)].

Proof. For ¢(x)=x(1+x) and py,(x)=(""{"")x"(1 +x)7"* we
have

Poa¥)=(+x)7"  pa)=nx(1+x)7"""

and thus

x? N
Wpo,n(x) =(1 +X)_"~2’ Wpl,n(x) = +x)—n~3.

Therefore (16) is valid for 0 < x < 1/n.
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4.5. Operators by Ismail and May (8]
The operator T,(f; x) introduced by Ismail and May is

n—2
T,(f;x)= T )( +x7)” "/ZJ exp(nu arctan x)
X lr(2 +z”—) f(u) du,
Wn, x,u) = n;:(n’)l (1 4+ x*)~"? exp(nu arctan x)

2
n . nu
Since ¢(x) = x* + 1 satisfies (9) in Remark 2, we have the following theorem
for T,(f; x).

(x € (—o0, ®)).

THEOREM 6.

G.App.[T,] = [{f] f E€Lip,a},n™*% x* + 1, (—c0, 0)].
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